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Mean signal levels well below those predicted by standard 
techniques on low elevation earth-space microwave 1 inks have been 
observed and reported previously. Additionally, amp1 itude fluctu- 
ations under clear  a i r  conditions accompany these reduced signal 
level s and increase significantly as elevation angle decreases. 
1t  i s  shown that  a simple physical model i s  adequate for  the pre- 
diction of the long term s t a t i s t i c s  of both the reduced signal 
levels and increased peak-to-peak fluctuations. The model i s  based 
on conventional atmospheric turbulence theory and incorporates both 
amplitude and angle of arrival fluctuations. 
Angle of arrival s t a t i s t i c s  were compiled from previous and 1 
current experiments; and these results were used to establish an I 
empirical re1 ationship between the long term average angle of arr ival]  
variance and e i ther  path length for  t e r r e s t r i a l  paths or elevation 
angle fo r  earth-space paths, Secondly, the relationship between 
turbulence induced amp1 itude fluctuations and path length previously 
derived i n  the work of V .  I. Tatarski and verified by measured data 
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I has a?  so been u t i  1 i zed, 
I t  i s  hypothesized that a plane wave propagating through the trapo- 
sphere i s  perturbed by the two coup1 ed s t a t i  s t i  cal processes merr tionecl 
above. This perturbed plane wave is  then received by a f i n i t e  aperture 
antenna having a Gaussian power pattern. The average realized gain is 
then calculated accounting for  the angle of arrival fluctuations. The 
resulting average gain degradation, when combined with the usual 
atmospheric gas absorption, adequately predicts the reduced 1 ong term 
signal levels observed a t  low elevation angles on earth-space paths a t  
2 ,  7.3 and 30 GHz. The expected value of the variance of the received 
signal amp1 i tude fluctuations i s  calculated by combining the amp1 i tude 
and angle of arrival s t a t i s t i c s  of the incident wave with the receiver 
characteristics.  This model predicts the average variance of signals 
observed under clear a i r  conditions a t  low elevation angles on earth- 
space paths a t  2 ,  7.3, 20 and 30 GHz. 
Design curves based on this  model for  gain degradation, realizable 
gain, and amplitude fluctuation as a function of antenna aperture s i ze ,  
frequency, and e i ther  t e r r e s t r i a l  path length or earth-space path 
elevation angl e a re  presented. 
Turbulence 
Propagation 
Earth-Space 
Low elevation angle 
FUME WORD 
The propagation o f  eiectromagnetic and acoustic waves in media 
whose constitutive parameters are random functions of time and space 
has become a topic of increasing interest .  Terrestrial  l ine  of s ight  
and earth-space microwave propagation paths traverse the troposphere, 
where fluctuations in temperature, pressure, and water content produce 
random variations in the electromagnetic properties. The resulting 
effects  are generally more pronounced with increasing frequency and 
larger path lengths, Communications technology continually progresses 
higher in frequency and bandwidth in search of greater information ra tes ,  
long atmospheric path lengths are necessarily employed as s a t e l l i t e s  
come into common usage for  communications relays, and remote sensing 
of meteorological , t e r r e s t r i a l  , or airborne phenomena requires electro- 
magnetic propagation through long distances in the atmosphere. The 
design of each of these potential or current technologies requires 
know1 edge of the interaction between the turbulent atmosphere and wave 
propagation based upon a r e a l i s t i c  model of the turbulence and i t s  
consequences. 
The work of V .  I ,  Tatarski [ I ]  in 1961 appears to be the f i r s t  to 
form a broad theoretical basis for plane wave propagation through a 
turbulent atmosphere. His ampl i tude fluctuation and power spectrum 
resul ts  were extended in 1971 t o  include phase and different ial  phase 
variation [ Z ] .  The work of Schmel tzer  [3] extended th i s  work to  form 
a basis for spherical-wave, finite-aperture cases. Both se t s  of work 
employed the Rytov method and i t s  inherent restr ic t ions that  the 
magnitude of fluctuations on the wave be small and that  a1 1 refract ive 
perturbations be large compared to  wavelength. In 1969, Lee and Harp [4] 
appl ied a phase screen technique to th is  problem which permitted 
general ized ampl i tude and phase f l  uctuation expressions to  incl ude 
f i n i t e  antenna apertures, focused beam waves, medium losses,  and 
atmospheric anisotropy. This technique, which has a primarily physical 
rather than mathematical basis,  allows the Rytov res t r ic t ion  of large 
perturbations relat ive to wavelength to  be relaxed. Either or both 
methods have been variously employed by Clifford [5], Ishimaru [6], 
and Mandics, Lee, and Waterman 671 to  obtain temporal frequency spectra. 
The extension of turbulence theory t o  account for  strong f 1 uctuations 
and explain the optical saturation phenomena was made by Gracheva and 
Gurvich [8 ]  in 1965. 
Excellent summaries of the above work and reviews of current work 
are avail able [ I  ,2,9-131, The recent summary by A .  Ishimaru [13] 
corr"cainr a particularly good bi b1 iography of theoretical and experimental 
papers, 
In principal, theoretical work i n  t h i s  f i e l d  may be veri f i e d  by 
experiment, and a great deal of e f fo r t  has been made t o  do  so, 
Experiments must be structured carefully such that a11 relat ive physical 
parameters are measured and no false  assumptions are made about the 
measurement equipment or the medium. Because of the s t a t i s t i c a l  nature 
of the measurement problem, limited temporal measurements of quantit ies 
such as ampl itude, absolute, or different ial  phase do not adequately 
characterize random media propagation effects  from the sys tems appl i - 
cation viewpoint. Communications link design requires long term time 
characterization in the form of ampl i  tude, phase, spectral , and coherency 
distributions.  The work which follows presents a long term, time 
average, s t a t i s t i c a l  model with empirical constants for microwave 
propagation through the turbulent troposphere. Amp1 i  tude and di f ferent i  a1 
phase s t a t i s t i c s  are specifically addressed, b u t  the techniques may be 
extended to spectral and coherency characterizations. 
The material contained in th i s  report i s  a lso used as a disser tat ion 
submitted to  the Department of Electrical Engineering, The Ohio State 
University as par t ia l  fulfi l lment fo r  the degree Doctor of Philosophy. 
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INTRODUCTION 
The propagat ion s f  e lec t romagnet i c  and acous t i c  waves i n  media 
whose c o n s t i t u t i v e  parameters a re  random f u n c t i o n s  o f  t ime  and space 
has become a t o p i c  o f  i n c r e a s i n g  i n t e r e s t .  T e r r e s t r i a l  l i n e  o f  s i g h t  
and earth-space microwave p ropagat ion  paths t r a v e r s e  t he  troposphere, 
where f l u c t u a t i o n s  i n  temperature,  pressure, and water  con ten t  produce 
random v a r i a t i o n s  i n  the  e lec t romagnet i c  p r o p e r t i e s .  The r e s u l  t i n g  
e f f e c t s  a r e  g e n e r a l l y  more pronounced w i t h  i nc reas ing  f requency and 
l a r g e r  pa th  leng ths .  Communications technology c o n t i n u a l l y  p ro -  
gresses h i g h e r  i n  f requency and bandwidth i n  search o f  g r e a t e r  i n f o r -  
mat ion r a t e s ,  l ong  atmospheric pa th  leng ths  are n e c e s s a r i l y  employed 
as s a t e l l i t e s  came i n t o  common useage f o r  communications re1 ays, and 
remote sensing o f  me teo ro log i ca l ,  t e r r e s t r i a l ,  o r  a i r b o r n e  phenomena 
r e q u i r e s  e lec t romagnet i c  p ropagat ion  t t i rough l ong  d is tances  i n  t h e  
atmosphere. The des ign of each o f  these p o t e n t i a l  o r  c u r r e n t  t ech -  
no1 og ies  r e q u i r e s  knowledge o f  t h e  i n t e r a c t i o n  between t h e  t u r b u l e n t  
atmosphere and wave p ropagat ion  based upon a r e a l i s t i c  model o f  t h e  
tu rbu lence  and i t s  consequences. 
The work o f  V .  I .  T a t a r s k i  [l] i n  1961 appears t o  be t he  f i r s t  
t o  form a broad t h e o r e t i c a l  bas i s  f o r  p lane wave p ropagat ion  through a 
t u r b u l e n t  atmosphere. H is  amp l i tude  f l u c t u a t i o n  and power spectrum 
r e s u l t s  were extended i n  1971 t o  i n c l u d e  phase and d i f f e r e n t i a l  phase 
v a r i a t i o n  [a]. The work o f  Schmel t z e r  [3 ]  extended t h i s  work t o  form 
a bas i s  f o r  spher ical-wave, f i n i t e - a p e r t u r e  cases. Both se ts  o f  work 
employed t he  Rytov method and i t s  i n h e r e n t  r e s t r i c t i o n s  t h a t  t h e  
magnitude o f  f l u c t u a t i o n s  on t he  wave be smal l  and t h a t  a11 r e f r a c -  
t i v e  p e r t u r b a t i o n s  be l a r g e  compared t o  wavelength. I n  1969, Lee 
and Harp [4]  a p p l i e d  a phase screen technique t o  t h i s  problem which 
p e r m i t t e d  genera l i zed  ampl i tude and phase f l u c t u a t i o n  express ions t o  
i n c l u d e  f i n i t e  antenna aper tu res ,  focused beam waves, medium losses,  
and atmospheric anisodropy, l h i  s technique, which has a p r i m a r i l y  
physical rather t h a n  mathemat ica l  b a s i s ,  a1 lows t h e  Rytov res t r ic t ion  
of large  perturbations re1 a t i ve  t o  wavelength t o  be relaxed. Either 
or  both methods have been variously employed by C l  i f fo rd  [%I, 
Ishimaru [GI, and Mandics, Lee, and Waterman [7] t o  obtain temporal 
frequency spectra.  The extension of turbulence theory t o  account f o r  
strong f luctuat ions  and explain the optical  sa tura t ion phenomena was 
made by Gracheva and Gurvich [8] in 1965. 
Excellent summaries of the above work and reviews of current  work 
a re  avai lable  [1,2,9-131. The recent summary by A .  Ishimaru [13] 
contains a  pa r t i cu la r ly  good bibliography of theoret ica l  and experi- 
mental papers. 
In pr incipal ,  theoret ica l  work in t h i s  f i e l d  may be ver i f ied  by 
experiment, and a  great  deal of e f f o r t  has been made t o  do so, 
Experiments must be structured ca re fu l ly  such t ha t  a l l  r e l a t i ve  physical 
parameters are measured and no f a l s e  assumptions a re  made about the  
measurement equipment or  the medium. Because of the s t a t i s t i c a l  nature 
of the measurement problem, l imited temporal measurements of quan t i t i e s  
such as  amplitude, absolute,  or  d i f fe ren t ia l  phase do not adequately 
characterize random media propagation e f f ec t s  from the systems appli-  
cation viewpoint, Communications l ink design requires long term time 
character iza t ion in the form of amp1 i  tude, phase, spec t ra l ,  and co- 
herency d i s t r ibu t ions .  The paper which follows presents a  long term, 
time average, s t a t i  s t i c a l  model with empirical constants f o r  micro- 
wave propagation through the turbulent  troposphere. Amplitude and 
d i f f e r en t i a l  phase s t a t i s t i c s  are  spec i f i ca l ly  addressed, b u t  the 
techniques may be extended t o  spectral  and coherency character iza t ions .  
CHAPTER I 
METHOD 
As m i  1 1  i n ie te r  wave sys tenis a re  appl i ed t o  ear th-space and 
t e r r e s t r i a l  communications 1 i n k s  , the  des igner  must be aware t h a t  
c e r t a i n  p ropaga t ion  phenomena whi ch were negl i g i  b l  e  a t  lower  
f requenc ies  w i l l  have pronounced e f f e c t s  on l i n k  c h a r a c t e r i s t i c s .  
For example, a  l a r g e r  ape r t u re  which adds ga in  t o  t h e  l i n k  equa t i on  
a t  h i g h  e l e v a t i o n  ang le  on an ear th-space pa th  may p rov i de  l e s s  g a i n  
than expected i f  employed a t  low angles.  S i m i l a r l y ,  c l e a r  a i r  
amp l i tude  s c i n t i l l a t i o n s  which may be neg lec ted  a t  dec imeter  wave- 
l eng ths  on a  l o n g  unobs t ruc ted  t e r r e s t r i a l  pa th  may be q u i t e  s i g -  
n i f i c a n t  a t  mi 11 ime te r  wavelengths. 
The temporal  behav io r  o f  t he  s i g n a l  i s  l e s s  impo r tan t  than i t s  
s t a t i s t i c a l  p r o p e r t i e s  when one i s  i n t e r e s t e d  i n  l i n k  re1  i a b i l i t y .  
The l o n g  te rm t ime  average behav io r  o f  s i g n a l  l e v e l  and var iance  a re  
the  most u s e f u l  des ign  c r i t e r i a  f o r  a  communication l i n k  which must 
be con t i nuous l y  ope ra t i ona l  over  a  p e r i o d  o f  years ,  A p ropaga t ion  
model must p r e d i c t  t h i s  long  term average behav io r  and p rov i de  a  
s t a t i s t i c a l  measure o f  expected d e v i a t i o n  f rom t h a t  mean i n  terms o f  
l o n g  te rm p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n s .  
R e f r a c t i v e  i r r e g u l a r i t i e s  i n  t he  t roposphere due t o  tu rbu lence ,  
humid i t y ,  and temperature g rad ien t s  a f f e c t  the  p ropaga t ion  o f  e l e c t r o -  
magnet ic waves o f  cen t ime te r  and s h o r t e r  wavelengths q u i t e  markedly on 
l o n g  t e r r e s t r i a l  p ropaga t ion  paths o r  on ear th-space paths w i t h  smal l  
e l e v a t i o n  angles,  As a  p lane wave t r ave rses  t he  atmosphere, changes 
i n  r e f r a c t i v e  index  due t o  tu rbu lence ,  i . e . ,  r i p p l e  o r  t i l t, w i l l  
p e r t u r b  t he  phase f r o n t ,  induce amp1 i tude changes by f ocus ing  e f f e c t s ,  
and s c a t t e r  energy away from the  p ropaga t ion  path.  The f o l l o w i n g  
d i scuss ion  w i l l  deal o n l y  w i t h  c l e a r  a i r  e f f e c t s  and thus energy 
s c a t t e r e d  o u t  o f  the  beamwidth o f  an antenna w i l l  be cons idered 
n e g l i g i b l e  compared t o  the  energy rece ived ,  Frequencies o f  i n t e r e s t  
wil l  range from r o u g h l y  4 t o  100 GHz, which are  s u f f i c i e n t l y  h i g h  t h a t  
i onospher i c  e f f e c t s  may be neg lec ted  except i n  r a r e  ins tances .  
The s t a t i s t i c s  o f  t h e  pe r t u rbed  wave a re  model led by t h e o r e t i c a l  
express ions matched t o  exper imenta l  observa t ions .  The pe r t u rbed  wave 
impinges on a  f i n i t e  a p e r t u r e  antenna, whose response i s  a  r ece i ved  
s i g n a l  w i t h  ampl i tude  d im in ished  f rom t h a t  expected f o r  a  f ree-space 
pa th  and f l u c t u a t i n g  i n  amp l i tude .  
An express ion  f o r  t h e  i n c i d e n t  wave, t he  manner i n  which i t  
a t t enua tes  and decomposes i n t o  ampl i tude  and angl e  v a r y i n g  components 
and t h e  t r a n s f e r  f u n c t i o n  o f  t h e  r e c e i v i n g  antenna w i l l  now be 
presented. 
CHAPTER I &  
STATISTICAL MODEL 
An unperturbed plane wave w i l l  be considered incident on a 
turbulent medium a t  posi tion z=O (Figure 1 ) .  Propagation within 
the turbulence and the resulting perturbations of the signal 
continue until the wave impinges on a receiving aperture a t  Z = L ,  
The incident pl ane wave decomposes into tero uncoupled components 
as i t  traverses the region of turbulence. 
The f i r s t  component, with magnitude f l  , varies in amplitude 
and i s  constant in angle. All of the plane wave energy i s  contained 
in f l  a t  z=O, and i t s  amplitude fluctuation i s  very small a t  the 
beginning of the turbulent region. As th i s  component penetrates 
deeper into the turbulence, i t  loses energy to  the second com- 
ponent and i t s  peak-to-peak amp1 i tude fluctuations become a larger 
percentage of i t s  own remaining energy. 
The second component, having magnitude f 2 ,  i s  constant in 
amplitude a t  any given position z and i t  varies in angle or direction 
of propagation. f 2  contains no energy a t  z-0 and a t  the beginning 
of the region of turbulence i t  i s  small in amplitude and has small 
fluctuations in angle. As th is  component penetrates into the 
turbulence i t  acquires energy a t  the expense of the amplitude 
varying component, f , ,  and i t s  peak-to-peak angle fluctuations 
increase. 
This concept of constant angle and constant amplitude com- 
ponents which are uncoupled corresponds t o  Ishimaru's discussion of 
coherent and incoherent waves (Reference [I 31, pp.  1046-1 047) for 
1 ine of sight propagation tl~rough randomly distributed part ic les .  
2 The constant angle, varying amplitude intensity i f  > corresponds t o  7 
I 
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Figure 1 .  P l  ane wave decomposition. 
Ishimaru Is coherent in t ens i ty ,  I . Also, the constant amp1 i tude, 
2 r 
varying angle in tens i ty  < f p >  corresponds to  his incoherent i n t ens i t y ,  
The magnitude of the e l ec t r i c  fie1 d component, Ei , of a per- 
turbed plane wave incident on a receiving aperture i s  a random function 
of time, varying in amplitude and phase 
Random variables are denoted by t i l d e ,  and C represents the average 
magnitude of an incident plane wave, including free space path loss 
and gas absorption, a f te r  propagating through some length, L ,  of 
turbulent medium. f l  and f 2  are magnitude components repre- 
senting the decomposition, as a function of distance, of the original 
wave into amplitude and angle of arrival varying parts,  respectively. 
The frequency of the wave i s  oo, 5, i s  the mean absolute phase 
between the transmitter and receiver, and tl and $ are random 
variables representing fluctuations in apparent path length. I t  i s  
assumed that  scattering out of the path does not occur and tha t  the 
random ampl i tude and angle of arrival processes are conservative in 
intensi ty ,  i . e . ,  
where < > denotes the ensemble average over ampl itude and angle. 
Note that  total  intensity i s  one, that  i s ,  i t  i s  normalized to 
power density a t  any position along the path. This normalization 
i s  just i f ied because the factor  C in Equation ( 1 )  contains free 
space and gas absorption terms which equally affect  f ,  and f 2 .  In 
addition, i t  will l a t e r  be shown that the ampl i tude process <?:> 
further s p l i t s  into an average and fluctuating part for  the case of 
strong turbulence, The mean power in the amplitude component 
2 
will take on the form <r2' - ~'(l+a?) where o 15 a r ~ p i i  tude  iiariance 1 1 1 
and TI i s  the s t a t i s t i ca l  mean of ?,. This is  simply a statement tha t ,  
f o r  ?, the p e a k  t o  peak fluctuation increases a t  the expense of 
power in the mean, as we saw in the sketch of fl(Z=L) in Figure 1.  
.a. 
B i s  the vector propagation constant, where the subscripts 0 and a 
J denote the direction of propagation relative to  the beam axis. r i s  
the position vector. 
The receiver wi 11 be assumed 1 inear,  with ideal bandpass 
character is t ics ,  and does not maintain absol ute phase coherence. If a 
square-1 aw device i s  employed as the f i r s t  mixer, the receiver output 
voltage wi 11 be (see Appendix I )  
Note that  absolute phase i s  l o s t  a n d  the w o t  time dependence i s  
effectively integrated by the bandwidth of the receiver. G(a )  i s  the 
directive gain of the antenna as a function of the angle of a r r iva l ,  a ,  
measured with respect t o  the beam axis. 
The f i r s t  and second moments of ;, namely mean <;> and second 
$2 
moment < v  >, must be obtained in order t o  characterize received 
signal variance and gain degradation. Hence, the s t a t i  s t i  cal properties 
% % 'L 
of Y l ,  a ,  8 , '  and E2 must be used since they comprise the expression 
'L 
for  5 .  and f 2  are ampl i tudes of the two components and t1 and 
are the i r  respective relat ive phases. In the following, T-, and a will 
denote the random variable spaces in ampl i tude and angle of arrival , 
respectively. 
Define as an angle of arrival random variable, referenced t o  
the axis of the receiving antenn . I t s  distribution in angle 
equals the rrlass in the c i rc le  a< of radius a ,  where a and $I form 
an orthogonal coordinate system with the a x i s  (see  Figure 2)- The 
beam axis is  pointed in the mean direction of arrival of the  incident 
OF ARRIVAL / I  & 
- - - I I 
ANTENNA A X I S  
F igu re  2. Geometric d e f i n i t i o n s .  
'L 
wavefront. Hence % and 4 have zero mean angl e  o f  a r r i v a l .  I f  they 
a re  a1 so normal, independent random v a r i a b l e s  w i t h  equal var iances 
2 2 2  
a -a -a ) , and cons t a n  t i n ampl i tude dummy v a r i a b l e  n , i t  may be ( e- 4- 2 
shown [ I 6 1  t h a t  the  p r o b a b i l i t y  d e n s i t y  f unc t i on ,  pdf,  o f  the angle 
Q 
va ry i ng  component o f  v  i s  then 
The angle va ry i ng  component f2  i s  cons tan t  i n  ampl i tude, namely T2 i n  
ampl i t u d e ,  and hence has zero ampl i tude var iance. The d e f i n i t i o n  o f  
i t s  p d f  on the amp1 i tude random v a r i a b l e  space w i t h  the  Di r a c  d e l t a  
f u n c t i o n  6 (n )  denotes t h i s  f a c t .  The angu la r  f l u c t u a t i o n  i n  a i s  
complete ly  s p e c i f i e d  by t he  Rayle igh densi ty  f u n c t i o n  ha(a) ,  w i t h  
angular  va r iance  parameter 02. Independence between the a and n 
random v a r i a b l e  spaces i s  observed, s i nce  h2(a,n) i s  expressed as a  
s imp le  p roduc t  o f  p d f ' s ,  one a  f u n c t i o n  o f  o n l y  a and the  o t h e r  a  
f u n c t i o n  o f  o n l y  q .  
The random amp1 i tude component has been found t o  be norma l l y  
d i s t r i b u t e d  [14]; l e t  i t s  mean be f, , i t s  var iance o2 and express i t s  1 ' 
randomness i n  terms o f  t h e  ampl i tude dummy v a r i a b l e ,  r) and the  ang le  
o f  a r r i v a l  v a r i a b l e ,  a. The pdf,  hl(a,n), of t he  ampl i tude va ry i ng  
component, Y1,  i s  then assumed t o  be 
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say L o ,  which i s  dependent upon the scattering cross section of t he  
t u r b u i  ence, The expression 
combined w i t h  ( 2 )  will be used as a suitable model fot ttils desired 
behavior. Also, recall that f 2  varies in angle and i s  constant in 
amp1 itude. Hence, ( 6 )  may be rewritten 
-2 f 2  = 1 - exp [ - L / L ~ I  = fg 
2, 
All s t a t i s t i ca l  quantit ies in the expression for v have now 
been defined and these definitions will be used to determine the 
f i r s t  and second moments of the receiver output voltage, 
If B i s  the beamwidth of the antenna in degrees and g ( a )  i s  the pattern 
factor ,  then 
G(a) = g(a)  (180) / B  and 
Assume a representative pattern factor for  a narrow beam, c i r -  
cularly symmetric beam with 3 dB beamwidth, B, t o  be 
The f i r s t  monient of i s  found by integrating (10) and the 
pdf h, (a.~) and pdf h2(a,ri) times variables containing and f 2 ,  
respectively, Integration on amp1 i tude var iab l  e 0 i s  taken over 
-M t o  and on angle variable CY, from 0 t o  n ,  The phase variables 
ti m e d  a r e  m""ior!n!y distributed over - ~ r / 2  to 1;/2 8rtd hei;ce 
the integration of the l a s t  terms in  (10)  i s  nearly zero (see 
Appendix E ) ,  T h i s  integration reduces the f i r s t  moment t o  the form 
Substituting ( 4 ) ,  ( 5 ) ,  and ( 1 1 )  into ( 1 2 )  and using the properties 
of a Rayleigh distribution function (see Appendix B ) ,  one readily 
obtains 
'L Note that the mean of v approaches ---- 18jlh_ C for  wide beamwidth, i . e . ,  
B 44 .rrp 
E2>>4~n20;. That i s ,  the mean received signal i s  n o t  degraded since i t s  
beamwidth i s  wide compared t o  the turbulence effects on angle of a r r iva l .  
The expression for  ;2 i s  
The second nionient of 5 i s  found by integrating Equation (14) and the 
pdf h ,  (a, ,)  and pdf t12(u,n) times variables containing ?', and f2, 
respectively, Integration on amplitude variable n i s  taken over 
-- to and on angle var-iattle a fro111 0 t o  n, Again, t h e  phase integrdtion 
21 
on uniformly distributed random phase variable5 2, and  r;. over - n / 2  t o  
~ r / ?  reduces t h e  sccsnd moment t o  
I t  may then be shown that (~ppendix C )  
A gain reduction factor R may be defined in terms of <?>' and 
2 
< >  evaluated for  a -0 as 2 
This gain reduction represents available received mean signal power 
relat ive to  the signal power available i f  angle of arrival effects  
were absent. A similar measure of received signal variance expressed 
in dB i s  
T h i s  signal variance i s  a lmeasure of f luctuat ing power i n  t h e  received 
signal compared t o  t h e  available received DG signal power. 
The two s t a t i s t i c a l  quan t i t i e s  which have now been defined, namely 
gain reduction, R ,  and signal variance, s2, may be incorporated i n to  
d i s t r ibu t ion  functions which a re  of the form used in l ink design. The 
long term time behavior of the received signal on a  microwave l ink  may 
be characterized by a  fade d i s t r ibu t ion  function.  The turbulence 
induced e f f ec t s  with which we are dealing are long term average 
phenomena and hence are  present a t  a l l  times. A hypothetical low 
elevation angle fade d i s t r ibu t ion  i s  presented in Figure 3. The abscissa 
i s  referenced to the signal level received in the absence of turbulence, 
i . e . ,  including f r ee  space loss and gaseous absorption. The point  a t  
which the signal level i s  R dB i s  a lso  the mean of the received signal  ; 
thus,  one point on the fade d i s t r ibu t ion  i s  established.  The fade 
d i s t r ibu t ion  fo r  turbulence induced f luctuat ion i s  assumed t o  be log- 
normal, with mean and median being equal. The fade d i s t r ibu t ions  
resul t ing from the Ohio S ta te  University ATS-6 30 GHz beacon measure- 
ments (Ref. [30], pp. 72-75) indicate that  th i s  log-normal assumption i s  
valid f o r  elevation angles above approximately 2". A s imi lar  observation 
was made concerning the 7.3 Gtlz fade d i s t r ibu t ions  above 4" e levat ion 
angle observed by McCormick and Maynard (Ref. 35).  
A fade d i s t r ibu t ion  may now be produced using t h i s  assumption of 
l i nea r i t y .  Referring to  Figure 3, i t  was noted t ha t  the point a t  which 
the received signal level i s  R dB represents the mean signal l eve l .  For 
a  normal d i s t r i bu t i on ,  the mean i s  plotted a t  the 50% time abscissa 
exceeded point ,  indicated by @ in Figure 3. One standard deviat ion 
t o  the r igh t  of the mean on a normal d i s t r ibu t ion  occurs a t  the 15.9% 
time abscissa exceeded level .  I t  may be shown (Appendix E) t h a t  one 
standard deviation of received signal l eve l ,  expressed in dB and 
denoted 0 2 V d ~ "  may be wri t ten  in terms of the signal variance S . This 
p o i n t ,  n, to t h e  r igh t  of R i s  denoted by @ i n  Figure 3. A dB 
SIGNAL L E V E L  ( T Y P I C A L )  
REFERENCED TO SIGNAL LEVEL RECEIVED IN  
ABSENCE OF TUFt8ULENGE i .e . ,  INCLUDING 
FREE SPACE LOSS AND G A S E O U S  ABSORPTION,  
Figure 3, Fade d i s t r i b u t i o n  funct ion ,  

CHAPTER 1x1 
EMPIRICAL CONSTANTS 
Several measurements o f  ang7 e  o f  arr ival  variabi I i t y  o f  el ec t ro-  
magnetic waves as they propagate through a  turbulent  atmosphere have 
been made. Ten experimental papers deal ing with these measurements 
were examined and compared [18-27). All r esu l t s  are  f o r  t e r r e s t r i a l  
microwave l inks operating a t  frequencies from 1 to  35 G H z  over paths 
ranging in length from 5.5 to  80 km and located in various c l imat ic  
regimes. In addit ion,  angle of a r r iva l  s t a t i s t i c s  f o r  an earth-space 
path from the Ohio S t a t e  University CTS (Communications Technology 
s a t e l l i t e )  11.7 G H z  Beacon Experiment [ 2 8 , 2 9 ]  are  included. 
Comparison between t e r r e s t r i a l  and earth-space path propagation 
data may be made only i f  one assumes an equivalent atmospheric path 
length f o r  the earth-space l ink.  Although ver t ica l  gradients of 
temperature, pressure,  water vapor densi ty ,  and hence, r e f r ac t i v i t y  
e x i s t  in the atmosphere, one may replace t h i s  real atmosphere with a  
homogeneous atmosphere of some given height under standard temperature 
and pressure conditions f o r  long term s t a t i s t i c a l  purposes. I t  has 
been found, using amp1 i tude s c i n t i l  l a t ion  measurements of the ATS-6 
(Applications Technology S a t e l l i t e  - 6 )  30 G H z  beacon, than an equiva- 
l en t  atmospheric height of 6 km i s  s u f f i c i e n t  f o r  the prediction of long 
term time average s c i n t i l  1  at ion behavior. Under thi s  assumption, the 
CTS data taken a t  a  32" elevation angle traverses an atmospheric s l a n t  
path over a  curved ea r th  equivalent to  a  11.3 km t e r r e s t r i a l  path. 
The s t a t i s t i c  t o  be compared from the several sources of data i s  
the variance of the angle of a r r iva l  with respect to  the mean d i rec t ion  
of a r r i v a l ,  o; expressed in dB below square degrees as 
o 
2 2 
= 10 loglO o2 . (20)  
2 d ~  
The normalization with respect  to  one square degree i s  a rb i t r a ry  h u t  i s  
necessi tated by the f a c t  t ha t  normalization to  the mean angle o f  ar r iva l  
has no physical s ignif icance,  The papers i n  which these data appear 
are  not consis tent  in t h e i r  de f in i t ions  of va r i ab i l i t y ,  Hence, the 
following three conventions were assunred in an e f fo r t  t o  make a meaning- 
ful comparison of the resul t s  
1  ) i f  v a r i ab i l i t y  was expressed as  standard deviation a2 in 
tavel ength ( A ) ,  
2 )  i f  v a r i ab i l i t y  was expressed as a  cumulative d i s t r ibu t ion  
function of r e l a t i v e  angle of a r r i v a l ,  a ,  and plot ted  on 
Gaussian probabi l i ty  paper, 
C)  
3) i f  va r i ab i l i t y  was expressed as the observed maximum peak-to- 
peak excursion in a ,  
= 10 loglo [ 0.95 x max. peak-to-peak excursion of a 
02dB 4 
2 Table I summarizes the data and the method used t o  a r r ive  a t  02. The 
resul t ing angle of a r r iva l  variances are  a lso  shown in Figure 4 .  Ob- 
taining o; i s  qui te  subjective f o r  many of the data sources, e spec ia l ly  
where 1  imi ted measurements were presented. When a range of variances o r  
probabi l i ty  density standard deviation l imi t s  were ava i l ab le ,  those 1  imi t s  
were plotted as ver t ica l  l i ne s  through the data points in Figure 4. 
The data of Table I suggest t ha t  va r i ab i l i t y  increases proportion- 
a t e l y  with path length. Hence, the angle of a r r iva l  variance in dB  
2 
o2 was plotted versus path length L in Figure 4 on a  logar i t t~mic  sca le .  
A f i r s t  order regressive f i t  was then performed, resul t ing in :  
w i t h  L expressed -in l:-ilometers, T h i s  r e l a t i o n s h i p  i s  shown as  a 
so l id  l i n e  in Figure 3 ,  
F i g .  4 Data  F r eq .  P a t h  Length  o 2  Ave rage  Method 
Synibol S o u r c e  (GHz) ( kni ) ($t3 below d e g 2 )  ( 1 , 2  $ 3 )  
Deam & Fannin 9.35 
Herbs t r e i  t & Thompson 1.05 
Lees 35 
O.S.U. 11.7 
(equi  v a l  e n t  
Earth-Space pa th )  
E t cheve r r y  e t . a l .  9 3  
Lee & Waterman 3 5 
Akiyama e t . a l .  11,24 
Akiyama e t  . a l e  11,24 
Janes e t .  a1 . 9.6 
Janes e t . a l .  34.5 
Akiyama e t . a l  . 2 4 
Funakawa e t .  a1 , 12.6  
5 10 20  3 0  40 60 80 100 
PATH LENGTH ( KM ) 
F i g u r e  4.  Measured  a n g l e  o f  a r r i v a l  d a t a .  
2 1 
Iheoretically, i t  can be easily skowri $971 that arigle of arrival 
variance should increase l inearly with increasing path length in a 
"Lrbul entatmosphere under the assumption that Lj>L i . c .  , the path 
o 
length i s  much greater than the scale s ize of the largest turbulence- 
induced inhomogeneities present on the path. Also, angle of arrival 
variance 0' i s  mainly due to the large-scale components of the 2 
turbulence spectrum. Under these assumptions the turbulence theory 
2 
of Tatarski leads to  the following expression for  u 2  
where Crl i s  the refractive index structure constant. This theoretical 
expression i s  also plotted on Figure 4 for  representative values of 
where d i s  aperture diameter and was taken as 1 rn for  the theoretical 
'n 
curve. The form of Equation (25) assumes that  d<<m, a valid assumption 
for  millimeter and longer wavelengths a t  path lengths of several 
2 ki 1 ometers. Several uncertainties in the parameters of u 2  may account 
for di fferences between the theoretical and the empirical regression 
2 
curves. The angle of arrival variance u 2  may vary f1.3 dB due to  
differences in aperture diameter d ,  f18.2 dB due to typical variations 
2 in the atmospheric structure constant Cn, or k4.G dB due to  the range 
of path elevations encountered in the experiments f31]. Additional 
differences may be due to inappropriateness of the plane wave assumption, 
especially fo r  short path lengthsor the requirement tha t  L > > L o ,  again, 
questionable for  short path lengths. 
The earth-space slant path data of Ohio State University f a l l s  
within 2 dB of the regression l ine and, within the same limitations as 
the t e r r e s t r i a l  data,  agrees well with both the theoretical resul t  as 
well as the other t e r r e s t r i a l  measurements. 
The empirjcal relationship (Equation ( 2 4 ) )  which lias jus t  teen 
2 presented obviates the problen~ of calculating o2 for our model in terms 
2 of a "representative" \value for Cr , ,  - I  iuay ranqc o v e r  tilo orders o f  
niagni tude from time to time, 
22 
2 The l a s t  parameter t n  be drteni;ineci i s  o - ~ ,  t h e  v a r i a n c e  o f  t!le 
amp1 i tude f l u c t u a t i o n s ,  From Patarski i  /32],  one f i n d s  t h a t  f o r  weak 
fS uctuat ions 
where K i s  the propagation constant. 
2 2 We now have expressions f o r  0, and u 2 ,  both having unknown con- 
s t an t  mul t ip l i e r s ,  and an unknown length,  L o ,  each of which must be 
empi r i c a l  l y  determined in order t o  predict  1 ong term average behavior 
2 
of variance S and gain reduction R .  In the next section measured 
variance data were used t o  determine these constants.  
2 Variance S was measured as  a function of elevation angle a t  
2 GHz with a 10 meter diameter antenna and a t  30 GHz with a 5 meter 
diameter antenna [30]. A regressive power law f i t  was avai lable  f o r  
the data from elevation angles of 2" t o  40" f o r  tile 2 GHz data and 
.5" t o  40" f o r  the 30 GWz data.  These l imi t s  a re  such t ha t  the horizon 
did not l i e  within the 3 dE beamwidths of the antennas. Ex~ress ions  
2 2 f o r  ul and u2 i n  terms of the three unknown constants were used in the 
n 
model of sL (Equation ( 1 9 ) ) .  This expression was compared t o  the 
regression l i n e  from measured data a t  2 and 30 GHz and the three con- 
s t an t s  were varied t o  obtain a regressive f i t  minimizing tile following 
mean-square-error: 
30 GHz I 
elevation 
= f -05" 
2 GHZ GHz Llivation 
Expressions (24) and (25) with bo th  L 2 *56 and L' dependence for  o2 
were employed in the regression defined above. The minimum error  
obtained for  the L '56 dependence was approximately 40% less than tha t  
for the L1 dependence case. Hence, a1 though theory predicts 1 inear 
behavior of angle of arr ival  variance as a  function of pat11 length, the 
L1. 56 form was used to  compare the model to  measured data and to  obtain 
design curves. The final constants derived by the procedure outlined 
above which are  used in the remainder of th i s  work are: 
Lo = 180 (km)  (28a) 
Now that  the model i s  complete, results from i t  ' r ~ i  11 be conipared with 
measured gain degradation and amp1 i  tude sc in t i  1 1  ation resul t s  in the 
next two sections. 
The e x p r e s s i o n  f o r  r e c e i v e d  s i g n a l  variance (Equation ( 1 9 ) )  was 
compared a s  a  funct ion  of e leva t ion  angle with data acquired from t h e  
20 and 30 GHz ATS-6 sate1 l i  t e  experiment as  the sate1 1 i t e  was moved 
from equator ia l  o r b i t  a t  94"W longitude toward 35"E longi tude  in 1975. 
The ground terminal a t  The Ohio S t a t e  Universi ty,  Columbus, Ohio 
employed a 4.5 m diameter pa rabo l i c ,  shared ape r tu re  antenna f o r  both 
20 and 30 GHz. The l i n e a r  r ece ive r  output  vol tage was sampled a t  a  
data  r a t e  of 10 samples/sec and t h e  variance,  expressed in dB with 
r e spec t  t o  the  DC power level  f o r  N samples, was ca lcula ted  from 
where 
The apparent e leva t ion  angle of the  s a t e l l i t e  varied from 42" t o  
almost 0" as  i t  d r i f t e d  eastward, and there  were no op t i ca l  obs t ruc t ions  
along the  propagation path. Time average var iances ,  ca l cu la t ed  according 
t o  Equation ( 2 9 ) ,  were recorded f o r  each e leva t ion  angle,  cons i s t ing  of 
c l e a r  a i r  da ta  periods of one to several  hours in durat ion.  Atmospheric 
path lengths were ca lcula ted  assuming a spher ica l  ea r th  with a  homo- 
geneous atmosphere of he ight ,  h ,  and e f f e c t i v e  r ad ius ,  R, taken a s  
413 t h e  ac tua l  rad ius ,  o r  8479 km,  t o  account f o r  s tandard r e f r a c t i o n .  
The path length i s  then 
2 2 2 L = [h  + 2hR + R s i n  - R sin e 
where a i s  t h e  e leva t ion  angle, 
The d a t a  awere f i t  ?'n a m-inimuni mean-square error sense t o  the form 
using expression (31 ) for  L and also regressively f i t  to  determine 
the effective height, h. The resul ts  were 
and h =  5.9*1 km , 
The model for received signal variance (Equation (19))  was then compared 
t o  these resul ts  using path lengths also calculated from Equation (31) .  
This comparison of the calculated results and the regression f i t  to  the 
experimental data i s  shown in Figure 5. Notice that the agreement i s  
within a decibel or two over most of the range shown and for  very low 
elevations the magnitude of the 30 GHz fluctuations i s  approaching the 
level of the DC component of the received power. 
A second se t  of data was acquired in 1976 as the ATS-6 sate1 l i  t e  
was returned to 94"W. A 2 GHz l inear receiver ut i l iz ing a 9.1 m 
diameter parabol i c  antenna was imp1 emented and vari a.nce data were 
obtained according to Equations (29) and (30). The 20 Gtiz transmitter 
was not functioning during the 1976 t ransi t ion,  b u t  the 30 GHz beacon 
was avai 1 abl e. The comparison between the amp1 i  tude variance 
theoretical model and the 2 and 30 GHz experimental data i s  shown i n  
Figure 6.  The agreement between the theoretical model and the experi- 
mental results i s  better than that shown for the 1975 data. 
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Figure 5. 1975 ATS-6 measured amplitude variance 
compared to  theoret ica l  model. 
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Figure 6 ,  1976 ATS-6 measured amp1 i tude vari ance 
compared to  theoretical model . 
2 8 
A f i n a l  cxanipl e  coiiipares tk~e theoret-iicc? t variance fiiodel w-i t h  
measurements of the IDCSP x-band beacon reported by R .  K. Crane 6331, 
This experinlent ellip1 oyed the 60 foot parabol i c  antenna a t  klestford, 
Massachusetts operating a t  a  frequency of 7.3 GHz. Received power 
f luctuat ions  were observed on angles from 0.5 t o  10.0 degrees. Maximum 
and minimum l imi t s  were estimated from the data points presented in 
Reference [33], Figures 19 and 20, and plotted corlsistent with the 
2 de f in i t ion  of S . The mean of the l im i t s ,  in dB, was a lso  calcula ted.  
Figure 7 presents the means and l imi t s  of the measured data along with 
the variance predicted by the theoret ica l  model . Again , the  agreement 
i s  qui te  good. 
The model (Equation (19 ) )  f o r  variance consis ts  of ampl i tude and 
angle of a r r iva l  induced components, with each mechanism having g rea te r  
o r  l e s s e r  inlportitnce depending on the path length,  frequency, and 
beamwidth. To i l l u s t r a t e ,  consider Figure 8. The model f o r  a  30 GHz 
signal  and 4.6 in parabolic antenna i s  presented along with the const i tuent  
2 
variance components due to  amplitude only ( i . e . ,  o2 = 0  in Equation (19))  
and angle of a r r iva l  only ( i . e . ,  oy = 0 in Equation ( 1 9 ) ) .  Note t h a t  
the ampl itude mechanism i s  most important a t  higher elevation angles and 
increases as elevation approaches zero. However, a t  about 11" the 
angle of a r r iva l  mechanism equals tha t  of ampl i tude and then becomes 
dominant as  the elevation angle decreases toward zero. Hence, ampl i  tude 
s c i n t i l l a t i o n  resul t ing from angle of a r r iva l  e f f ec t s  f o r  t h i s  case a re  
r e l a t i ve ly  ins ign i f i can t  above 11 ". 
The manner in which the incident  wave s p l i t s  in to  angle and amplitude 
components i s  i l l u s t r a t e d  in Figure 9. The case plotted i s  f o r  a  
4.6 m diameter antenna a t  30 GHz, The in tens i ty  has been normalized 
to the t o t a l  power received a t  any position along the propagation path,  
i , e , ,  atniospheric gas loss  and f ree  space path loss are  n o t  included, 
E Q U I V .  P A T H  ( K M I  
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Figure 7 .  IDCSP X-band measured amplitude variance 
compared t o  t l ieoret ical  model. 
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Figure 8. Anplitude and angle o f  a r r i v a l  coniponents 
o f  amplitude variance. 
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Figure 9 .  Amplitude and angle of arr ival  constituents 
of i nci dent i ntensi ty . 
2 The amplitude intensity,  < f , > ,  dominates for  path lengths less  
r) 
than about 120 km in this  case. For very long paths, <f;> becomes rather 
small and, in addition, power begins to transfer into the variance 
2 2 2 component a i f  1. The angle component < f2>  dominates for path lengths 1 1  
longer than 120 km thus implying the dominance of angle of arrival 
effects  on received signal variance a t  low elevation angles, 
The comparisons between the ATS-6 and IDCSP measurements and 
the theoretically predicted amplitude variances tend to jus t i fy  the 
empirical resul ts  used to model amp1 i tude variance a: and angle of 
arrival variance a2  Although the method used to  obtain average angle 2' 
of arrival s t a t i s t i c s  as a function of path length involved subjectively 
reducing numerous reported forms of data to a single definition of 
2 t h e  resul - t - ing  tiieore"iica1 n1ode1 seenls t o  p r e d i c t  long term t i m e  2" 
a v e r a g e  amp1 i tude fS~~ctuaL-ion q u i t e  eiiiell, Dai ly  var ia t ions  of t he  
atmospheric s t ruc tu re  c o n s t a n t  C' are averaged o u t  i n  t h i 5  type o f  
?I 
model ing. However, the system designer may wish to  account f o r  the 
2 
response of h i s  conimunication link to  the fu l l  range of expected C n  
variat ion which has been observed to  be nominally a 10 dB about the 
long term mean [34]. A n  example of such a maximum, minimum, and average 
received signal variance i s  presented in Figure 10, again, f o r  a 4.6 m 
diameter antenna operating a t  30 G H z .  The maximum * 10 dB range i s  
present a t  higher elevation angles b u t  s h i f t s  somewhat lower with respect  
to  the average as the elevation angle decreases to  zero. Similar behavior 
i s  expected f o r  other combinations of frequency and aper ture  s i z e .  
The frequency dependence of the amplitude variance f o r  a f ixed 
aperture s i z e  i s  shown in Figure 1 1 .  This family of design curves 
presents long tern1 time average received signal variances f o r  a 4.6 m 
dianieter parabola with frequency ranging from 1 t o  100 G H z .  The com- 
parisons between theoret ica l  and experimental resul t s  presented above 
indicate t ha t  the model i s  acceptable fo r  frequencies between 2 and 30 
GHz. The curve f o r  100 G H z  i s  included only as an indication of the 
degree of amplitude s c i n t i l l a t i o n  to  be expected i f  extrapolat ion 
using t h i s  model i s  warranted. This model establ i shes  a lower bound 
on the expected anipl i tude s c i n t i l l a t i o n  a t  100 G H z  because r e f r ac t i ve  
layers ,  abnormal focusing, or non-negl ig i  ble sca t t e r ing  a t  t h i s  f r e -  
quency, and consequently very narrow beamwi d t h  (.04O) f o r  a 4.6 m 
aperture,  will enhance the s c i n t i l l a t i o n .  
Comparison of measured and calculated variance lends a measure of 
c r e d i b i l i t y  to  the model, a t  l e a s t  from 2 to 30 G H z .  The second quant i ty  
which the theoret ica l  model predic ts ,  namely gain degradation, wil l  now 
be compared w i t h  experimental data a s  a  function of elevation angle. 
I 
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2 F i g u r e  10. Maximum and minimum e f f e c t s  o f  C n  on 
amp1 i tude  va r iance .  
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F i g u r e  11, Frequency dependence o f  
amp1 i tude  v a r i a n c e ,  
CHAPTER V 
G A I N  DEGRADATION 
The expression fo r  long term time average received signal  level  
(Equation ( 1 7 ) )  as a  function of elevation angle was a l so  compared with 
measured s a t e l l i t e  data. As the ATS-G s a t e l l i t e  ( 2  and 30 GHz beacons) 
was moved from equatorial o r b i t  a t  35"E longitude toward 94"kl longitude,  
average received signal level was recorded and plotted as a  function 
of elevation angle from 0" t o  40" [30]. A 4.6 m diameter Cassegrainian 
antenna was employed a t  30 GHz and a  9.1 m diameter focal point feed 
antenna was u t i l i zed  a t  2 GHz. In addi t ion,  median signal level as a  
function of elevation angle i s  avai lable  from measurements made by 
McCormick and Maynard a t  the Communications Research Center in Ottawa, 
Canada using the US TACSATCOM-1 7.3  GHz beacon [35]. The medi an signal  
level was received with a  - 3 "  beamwidth antenna as the s a t e l l i t e  
d r i f t ed  westward, with elevation angle decreasing from G o  t o  0.5" over 
a  period of 23 days, The data from Reference [35], Figures 1  and 2 ,  
were presented as a  s e r i e s  of d i s t r ibu t ions  of received signal level 
as a  function of one degree increments of elevation angle. The means 
were assumed t o  be the signal levels  a t  the 50% time ordinate and 
these means were associated with the elevation angles a t  the center  
of the one degree increments. 
The theoret ica l  model was used to  predict  mean signal level 
degradation due to atmospheric f luctuat ion as  a  function of e levat ion.  
This gain degradation was combined with atmospheric gas loss ca lcula ted 
fo r  a  6 km equivalent height homogeneous atmosphere a t  standard 
temperatuare and pressure and plot ted  in dB re la t ive  t o  the received 
signal  level a t  90" elevation angle. Predicted curves are  presented 
in Figure 12 fo r  2 ,  7.3 and 30 GHz f o r  antenna beasiwidths of 1.8", 0.3" 
and 0.15", respectively,  along with measured mean signal l eve l s  from the 
ATS-6 and TACSATCOM experiments. The agreement i s  qui te  good, verifying 
t ha t  the theoret ica l  model adequately predicts  long tern1 time average 
g a i n  degradation as well as a m p l i t u d e  variance, 
+ 7.3 GHz McCORMICK 
8 MAYNARD 
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Figure 12. Measured received signal level compared 
to  theoreti cal model . 
An additional plot,  Figure 13, presents only the gain degradation 
component due to atmospheric turbulence, l ' ,e . ,  excluding atmospheric 
gas loss,  Compared t o  Figure 9 2 ,  gas loss i s  certainly the major contr i -  
bution to signal loss a t  low elevation angles, b u t  gain degradation 
due to  atmospheric turbulence i s  also s ignif icant ,  especial ly for  the 
narrow beamwidth, millimeter wave-length case, I t  may be shown tha t  
the most signi f i c a n t  parameter i n  the f l u c t u a t i o n  degradation component 
2 G H z  
-- 7.3 G H z  
30 G H z  
PRTH (IOI.1 
ELEVa ANGLE ( .DEGI  
Figure 13. Gain degradation component of 
received signal l eve l .  
i s  beamwidth. To i l l  u s t r a t e ,  consider Figure 14. Gain degradation, due 
to  atmospheric f luctuat ion only, as a  function of elevation angle i s  
presented f o r  several beamwidths a t  a  frequency of 30 Gtlz. Less than 
1  dB of degradation occurs down to elevation angles of about 10" 
(34.2 km equivalent path length) even for  0.05" beamwidth. Hence, the  
long term time average gain degradation i s  r e l a t i ve ly  minor f o r  path 
lengths l e s s  than 34 km o r  elevation angles above 10". To f a c i l i t a t e  
an estimation of expected gain degradation in communication l ink 
design, several design curves wi l l  now be presented. 
GAIN DEGRADATION ONLY 
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F i g u r e  14. Beamwi d t h  dependence o f  g a i n  degradat ion.  
Rea l i zed  g a i n  as a  f u n c t i o n  o f  antenna beamwidth o r  e q u i v a l e n t  
ape r t u re  d iameter  a t  30 GHz i s  p l o t t e d  i n  F i gu re  15. A11 e q u i v a l e n t  
ape r t u re  diameters,  g i v e n  a  p a r t i c u l a r  beamni d t h  and frequency, wi 11 
be presented f o r  an antenna e f f i c i e n c y  o f  0.6, The curve rep resen t i ng  
ze ro  path l e n g t h  L i s  s imp l y  t he  common ga in  approx imat ion  
Rea l i zed  ga in  curves f o r  pa th  l eng ths  o f  50 t o  300 km a re  p l o t t e d  
us i ng  t he  t h e o r e t i c a l  model, Equ i va l en t  earth-space pa th  e l e v a t i o n  
angles assuming a 6.0 krn hei ghd ho~nageneous a tmosphere  are  presen"ced 
i n  parer1 thes i 5 ,  
F i g u r e  15. P a t h  l e n g t h  dependence  o f  g a i n  d e g r a d a t i o n .  
Notice t h a t  ga in  degrada t ion  due t o  tu rbu lence  induced f 1 u c t u -  
a t i o n  i s  n e g l i g i b l e  f o r  beamwidths w ider  than a b o u " c J O  f o r  a79 p a t h  
leng ths ,  Degradat ion e f f e c t s  then gradual l y  increase as beamwi d t h  
narrows f rom 0.7" t o  0.05" and a t  any p a r t i c u l a r  beamwidth are 
approx imate ly  d i r e c t l y  p r o p o r t i o n a l ,  i n  dB, t o  pa th  leng th .  As beam- 
w i d t h  narrows beyond 0.05", a  s a t u r a t i o n  e f f e c t  occurs and the  
degrada t ion  becomes cons tan t  f o r  any one pa th  leng th .  An e lementary  
exp lana t i on  i s  t h a t  f o r  any pa th  leng th ,  as beamwidth becomes ex t reme ly  
smal l ,  t he  angle o f  a r r i v a l  ( i ncohe ren t )  component o f  the  i n c i d e n t  
wavefront,  f , c o n t r i b u t e s  l i t t l e  t o  t he  power rece ived  by the a p e r t u r e  
s i nce  t h i s  angle o f  a r r i v a l  component has n e g l i g i b l e  p r o b a b i l i t y  o f  
be ing  w i t h i n  the 3  dB beamwidth o f  the  antenna. However, t he  amp1 i t u d e  
component (coherent  and on-ax is )  remains cons tan t  and the  power which 
the  ape r tu re  rece ives  due t o  t h i s  component i s  o n l y  a  f unc t i on  o f  pa th  
l e n g t h  and n o t  ape r tu re  s i z e .  
The frequency dependence o f  ga in  degradat ion i s  i l l u s t r a t e d  f o r  
severa l  beamwidths a t  3 and 30 GHz i n  F igure  16. For the l onges t  pa th  
leng th ,  300 km and f o r  beamwidths w ider  than 0.2", g a i n  degrada t ion  i s  
v i r t u a l l y  independent o f  f requency. A t  the  narrowest  beamwidth, .05", 
the degrada t ion  d i f f e r s  by approx imate ly  1  dB, Hence, the t u rbu lence  
induced degradat ion e f f e c t  i s  q u i t e  i n s e n s i t i v e  t o  f requency, as 
opposed t o  t he  s t r ong  dependence i t  has on beamwidth. 
The da ta  o f  F igure  16 may be q u i t e  use fu l  t o  the des ign eng ineer  
employing 1  arge aper tures a t  mi 11 ime te r  wave1 engths. For example, 
a f t e r  cons ide r i ng  atmospheric gas l o s s  a t  a  p a r t i c u l a r  f requency on a  
low e l e v a t i o n  earth-space pa th  f o r  a  0.2" beamwidth antenna, the 
engineer  may decide t h a t  he must double t he  ape r tu re  d iameter  ( h a l v e  
beamwidth) i n  o rder  t o  a t t a i n  a  p a r t i c u l a r  system margin. However, 
l o o k i n g  a t  F igure  16, i f  the  e q u i v a l e n t  path l e n g t h  were 200 km t h e  
l i n k  des ign should i nc l ude  a  4 dB average ga in  l o s s  a t  - 2 "  beamwidth 
and s t i l l  another  4 dB when go ing t o  . I  ", I n  some cases,  i t  migh t  be 
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Figure 16. Frequency dependence of gain degradation. 
more economical to  empl oy se l f  -phased array antennas having el ements of 
r e l a t i ve ly  wide beamwidth (say . 5 " ,  referr ing t o  Figure 16) such t h a t  
adequate gain i s  achieved by adding elements whose individual power 
patterns a re  wide enough so tha t  average gain degradation and amplitude 
variat ions due to turbulence are  negl i gi bl e. 
CHAPTER 1% 
CONCLUSION 
A model including the two coupled mechanisms o f  microwave angle 
of arrival fluctuation and amp1 i tude sc in t i  1 lation due t o  tropospheric 
turbulence appears to be adequate for the prediction of long term time 
average received signal levels and amplitude fluctuations on earth- 
space and t e r r e s t r i a l  propagation paths. The uti 1 i ty of an equivalent 
6 km high homogeneous atmosphere and a long term expected value for  
the atmospheric structure constant has been emphasized when deriving 
the empirical constants necessary to produce design curves from the 
model . The model does not address orographi c or marine effects , b u t  
i t s  ab i l i t y  to predict observed data from Massachusetts, Ohio and Ontario 
indicates that long term s t a t i s t i c s  of atmospheric turbulence may 
not  be strongly dependent upon the particular location or climatic 
regime, 
Design curves based on this  model indicate that  both received 
signal level reduction and amplitude sc in t i l l a t ion  due to tropospheric 
turbulence are most apparent a t  narrow bearnwidths. In the design of a 
long path length te r res t r ia l  microwave link or a low elevation angle 
earth-space l ink,  the engineer must consider gain loss and amplitude 
sc in t i l la t ion  due t o  tropospheric turbulence i f  he wishes t o  use large 
aperture, narrow beamwidth antennas. In cases where the angle of 
arrival mechanism dominates, i t  may be advantageous to u t i l i ze  se l f -  
phased arrays to circumvent the gain degradation and sc in t i  11 a t i  on 
introduced by thi s mechani sm. The theoretical model , when properly 
applied, will indicate when such measures are necessary. 
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APPENDIX A 
L I N K  PARAMETERS 
- The magnitude o f  t h e  e l e c t r i c  f i e l d  component / E ~  I i n c i d e n t  on an 
antenna ape r t u re  i s  g iven  i n  t he  t e x t  i n  Equat ion ( 1  ) . 
- The power d e n s i t y  a t  t he  r e c e i v e r ,  Pr, i n  terms o f  t he  niedium 
impedance, Zo, may be expressed as 
where C i s  t h e  magnitude o f  t h e  i n c i d e n t  e l e c t r i c  f i e l d  i n t e n s i t y .  
The f o l l o w i n g  parameters a re  r e q u i r e d  t o  c h a r a c t e r i z e  t he  com- 
mun ica t ions  1 i n k :  
1. Pt t ransmi  t t e d  power i n  w a t t s  
2. Gt  t ransmi  t antenna power g a i n  
2 2  2 
3* Lfs f r e e  space l o s s  = 16n L / A  f o r  a pa th  l e n g t h  L 
a t  wavelength A 
4 *  Latm atmospher ic  gas l o s s  (water  vapor & oxygen) 
2 A = A G(a)/4n i s  the  e f f e c t i v e  a p e r t u r e  area of the  r e c e i v i n g  e 
antenna w i t h  parameters 
1. A wave1 ength 
2. ~ ( a )  antenna power g a i n  ( a  f u n c t i o n  o f  ang le  a ) .  
4 8 
Al te rna t ive ly ,  the anhenna g a i n  may be expressed -in terms o f  d pa t t e rn  
f a c t o r ,  ~ ( c Y , ) ,  defined by: 
where B i s  the antenna half-power beamwidth expressed in degrees. A 
representative Gaussian antenna pattern fac tor  (Equation (1 1 ) )  may be 
expressed as 
Gain degradation, R, as discussed in the t e x t ,  r e su l t s  from angle of 
arr ival  f luctuat ion and i s  a function of frequency, path length, and 
aperture s i  ze. 
All of the parameters defined above may be writ ten concisely in 
terms of decibels to describe received power in terms of transmitted 
power, transmit antenna gain,  f ree  space loss ,  atmospheric gas l o s s ,  
gain degradation, and e f fec t ive  aperture area as:  
APPENDIX B 
F IRST MOMEIJT OF 5 
The receiver output voltage may be wr i t t en :  
'L % % %  2, 
v i s  thus a function of random variables a ,  II, i l ,  and F p ,  or 
The expected value of ? i s  found by taking the ensemble average over 
random variable spaces a ,  2 ,  t l ,  and c2: 
2, 
The form of t h i s  expression for  < v >  i s  not integrable in general. 
However, two useful propert ies of the kernel, I n ] ,  will enable an 
approximation to  be invoked which resu l t s  in an integrable form. F i r s t ,  
the magnitude of the kernel 1 0 1  i s  large compared to the s i ze  of the 
expected f luctuat ions  of a.  This condition i s  due to  the f a c t  t ha t  the 
development of the model was based upon the weak sca t te r ing  assumption. 
Second, the kernel 1 i s  slowly varying over the d o ~ a i n s  of a, , 51, 
and 62. For example, with Q ,  $1, and 52 fixed,  l e t  a vary over i t s  
range. The f luctuat ion which a imposes on as i t  var ies ,  and hence 
the f luctuat ion of I s a l ,  will be proportional t o  lm 1 ,  a smooth 
function across tire f luctuat ion domain. Similar ~bse rva t i ons  may be 
varies i n  n as 1 ,  i n  El as / e x p ( - i i l )  1 ,  and i n  52 as 
50 
It. may be shown (Reference e361) t h a t t h e  f i r s t  moment of a  
function of a  random variable may be approximated by the function o f  
the f i r s t  moment of that random variable under the two conditions 
mentioned above, I n  th i s  case 8 i s  a  randoni variable which i s  a  
function i tsei  f of independent random variabl es 11, a ,  51 , and 52 and 
has a  well defined moments. Assuming that  the small fluctuation and 
smoothness conditions are met and noting that the function of n i s  
absolute value, then 
'-L Assuming th is  t o  be the case i n  the expression for  < v > :  
the ensemble average may be taken as very nearly equal to the averages 
of the constituents of the absolute value process - 
The ensemble averages include integration on 51 and 52 taken over the 
domains -n/Z to n / 2 .  Since and t2 are uniformly distributed over 
th is  range, the l a s t  two ensembles are zero. Integration on the 
remaining two terms involves a over the domain 0 to n, and integration 
on q from -rn to m a  Explicitly, 
The integration of the delta functions gives: 
Using the fac t  that g(u=O)=l and f 2  i s  independent of a and has mean 
- 
f 2 ,  subst i tute  the expressions fo r  g ( a ) ,  h and h a :  
0' 
Random variable ?, has been replaced by i t s  dunmy amp1 i tude random 
variable, that  i s  q .  The f i r s t  integral i s  the mean of a  Gaussian 
- 
random variable ?, , i .e .  f l  , and the second integral may be rewritten 
so tha t :  
5 2 
We have assumed t h a t  a < < l  r ad i an ,  so there w i l l  be negl - i g i  ble c o n t r i -  
b u t i o n  t o  t h e  i n t e g r a l  on a over  t h e  range ~ < n < ~ ,  There fo re ,  l e t  t h e  
upper l imit  o f  i n teg ra t - ion  go t o  inf- in i  ty and de f ine : :  
For  a Ray le igh  d i s t r i b u t i o n ,  
R e w r i t e  t h e  i n t e g r a l  i n  t h e  express ion  f o r  <v> i n  terms o f  A: 
One immed ia te ly  notes t h a t  t h e  i n t e g r a l  may be r e p l a c e d  by A': 
S u b s t i t u t i n g  i n  t h e  d e f i n i t i o n  f o r  A', t h e  f i r s t  moment o f  v i s :  
APPENDIX C 
SECOND MOMENT OF 
With the receiver output voltage equal t o :  
;2 may be written as: 
The second moment of ;, namely the ensemble average of ;* taken over 
random vari abl es rl , a ,  and 5 i s  : 
'L '-b Since Yl , f2, 51, and E2 are s t a t i s t i c a l l y  independent, we may write:  
The integration on and 52 i s  taken over -n/2 t o  n / 2  and, since 
'L 'L 5 ,  and E2 are uniformly distributed, the l a s t  two averages are zero, 
so tha t :  
2 Rewri"cng <v  > i n  terrns of the integrals a n d  p d f k s :  
I n t e g r a t i o n  o f  t he  d e l t a  f u n c t i o n s  g ives :  
S u b s t i t u t i n g  t he  express ions f o r  h  ( n ) ,  g (u ) ,  and ha(a) ,  
n  
The f i r s t  i n t e g r a l  i s  the  second moment o f  Gaussian v a r i a b l e  T I ,  o r  
4 2 <p2> = fl( l+ol), and t he  upper i n t e g r a t i o n  l i m i t  on a may be taken 1  
t o  -, SO t h a t :  
83 
I + +  % exp 
0 O 2  
For a R a y l e i  gh d i  s t r i b u t i o n ,  
Rewrite the integral in the expression for <?2> in terms of A: 
The integral may then be replaced by A2: 
Finally, substi tuting in the definition of A ~ ,  one obtains: 
A P F E N D I X  D 
M O D E L  SUMMARY 
I .  I n t e n s i t y  Functions 
L = path length (km) . 
11. Variance Parameters 
Amp1 i tude  Variance 
Angle of Arr ival  Variance 
022 = 5.67 x 10 -6 L1 .56 (km) d"I3(m) 
L = path length 
d ,  = c i r c u l a r  ape r tu re  diameter 
f = frequency 
I I I ,  Gain Reduction 
< v >  = ensemble average of receiver voltage 
B = half power beamwidth in degrees assuming a Gaussian 
antenna pattern function. 
IV. Received Signal Variance 
APPENDIX E 
FADE DLSPRIBUTION VARIAPICE 
i s  the de f in i t ion  of received signal variance, and we are  in teres ted in  
the variance of the log ampl i tude,  denoted , a transformation must be 
made. Let k i  be defined as log amplitude by 
If  the  f luctuat ions  about < v >  a re  small compared t o  the magnitude of 
< v > ,  l e t  
Then, 
may be approximated by 
If a  function f ( v )  i s  normally d i s t r ibu ted ,  with mean <v> and 
L 
variance a the function kf ( v ) ,  where k i s  a  constant ,  i s  a lso  Gaussian, v 2 2 having mean k < v >  and variance k ov .  From the def in i t ion of the log- 
ampl i lude, 
However, t he  term on the  l e f t  i s  a  f u n c t i o n  o f  vi f o r  which we have 
2 * p r e v i o u s l y  d e f i n e d  var iance  i n  dB as S . Hence, i f  a: i s  the  va r iance  
o f  ai, 
So l v i ng  f o r  a&, t he  s tandard d e v i a t i o n  o f  t he  log -amp l i tude ,  
Yi) f o r  a  s j m n e t r i c  d e n s i t y  f u n c t i o n .  
